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Continuity ata pointx=a

A function f(x) is said to be continuous atx = a,
if lim f(x) = lim f(x) = f(a) = Fife

X—a~ X—4d

i.e. L. H. L. = R. H. L. = value of the function at 'a’ i.e., limf (x) = f (a).
X-a

If f(x) is not continuous at x = a, we say that f(x) is discontinuous at x = a.
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QUESTION [ JEE Main 2021] 7l 1
f "j asing(x—l) , for x<0

Let a = R b ¢0 define a function f /

L bx’
lf&is continuous atx = ] then 10 —@{is equal to : | LHL = f(0)
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QUESTION [JEE Main 2021 (Aug.)] )

If the function f(x) =«

(

is continuous at x = 0,

|

4

ORO

1l
5 e

X
1+'a-

X
1-p
K,

)

cos?x — sin’x — 1
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QUESTION [JEE Main 2024 (Jan.1)] ) [Ans. @

(a(7x=12-x2)

blx2—7x+12|’ > <3
Consider the function, f(x) = « zsin(x—3) where [x] denotes the greatest
x-|x]
| -,2)
. (& X =3, ')

integer less than or equal to x. If 5 denotes the set all ordered pairs (g, b) such that f{x)
(is continuous at x = 3/ then the number of elements in Sis: LHL:
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QUESTION [JEE Main 2023] )

If the function

A
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Geometrical Interpretation of
Continuity at a pointx=a
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L X—a

1mf ’ex1sts but is not equal to f(a) then the function is said to have a

removable discontinuity.

o
(i) Mlssmg Point Discontinuity: |

Where lim f(x) exists finitely bl.tf(a) is not deﬁned.J

X—a

¢ = — 'yt 'QS\\ t
i d»?;: (’;H oy %3“‘“4“)
J S T) = Q(é) (11‘1) :®

(ii) | Isolated Point Discontinuity: A e
Where lim f(x) exists and f(a) also exists but; wt £(2) ¢ N o

X—a







lf[ lim f(x) doesn’t exis}hen the function is said to have a removable discontinuity

v | X-—a
at point x = a.

[rremovable discontinuity can be further classified as: Qj
bg*& oL szvvuh, wt
(i) Finite type irremovable discontinu%\tyL ‘L:))H L & RHL w\m\wi
=
Foo= 0] o (n=3) \iHLz 2

(ii) Infinite tpre irremovabl$ discontinuity ot fiost oas &6 (Mo RHL - =0
v 1 - /)( y K =': 9)
7 (Y )- ‘
'f & ( 0O 1{ x=p
(iii) Oscillatory type irremovable discontinui
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QUESTION ) LHL= &”‘

LIC LR

V1 +x%-1

LEt f(X) s esin4x_1
ifx<0

In(1+tan2x) =)
@2

[s it possible to define f(0) to make the function continuous at x = 0.

If yes what is the value of f(0), if not then indicate the nature of discontinuity.

RHL: ﬂu« hth) _ — (-Sn%) |

= > 918

(l '(-X) V \‘ g,

fg,(l-\-\z.) lT(iX)

Finddy 177;% svrempvele | ) -
discont -




Gy

o Rmesrsdmreeiind)

Ing_MW/'n —)(@(2);)'3)(’(%) s cat at oL
K - Pt bw 2 ¥ s

- 1:{) -S—\S C)Q/v\* A P C_z ,SJ %

j ot . Ut o Sidad
L—) £ it Londt ok b
0 S =>£~+7C<x):,f<2_) ot bl
o wag
JA}V\‘f'(x)_ ]C'(S)



(1) A function f(x) is said to be continuous in an open interval (a, b) if it is
continuous at each and every point of (a, b) i.e., y = |x] is continuous in (1, 2),
where | | is greatest integer function.

(2) A function f(x) is said to be continuous in a closed interval |a, b] if
(a) itiscontinuousin (a, b)
(b) value of the function at "b” is equal to left hand limit at “b” i.e.,
f(b) = lim f(x)

Xx—-b~
(c) value of the function at “a” is equal to right hand limit at “a” i.e,,
f(a) = lim f(x)

x—at



QUESTION [JEE Main 2019 (April)] ) [Ans. D]

N A

Letf: [-1, 3] = R be defined as f(x) = » 1 <x< 2 where [t] denotes
- )

g.i.f. Then f is discontinuous at :
L J r _.)t_'_

W) =
only one point 5‘( G( T )
@ only two points \ 3
" X

only three points jcc’() - [ =X%-1
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QUESTION [JEE MAIN 2023 (Apr.-1)] ) @

Let [x] be the greatest integer < x. Then the number of points in the interval
(—2 1) where the function f(x) = |[x]| + \/x — [x] is discontinuous, is
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QUESTION [JEE Main-2023 (April)] ) L 4 m (~)+ o [Ans. 25] @
P Y
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Let f(x) = [@X 13sinx] for\0 < x < n,’ a is integer, where [t] denotes the
greatest integer function. Then the number of points of discontinuity of f(x) is
equal to ...............

Swet e (o))
]C(x)- o + C!3 j
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@ Properties of Continuous Functions | g fra
v | v | &
Let f(x) and g(x) are continuous functions at x = aJ V| X A
Then, ¢ f(x), f(x) £ g(x), f(X) - 9(x), f(X)/9(x) (9() # 0) [ [ | =
are continuous at x = a where c is any constant. . ‘
€ X — 7((7\)-:__ | | ot w -0 \ ' _J

(W)= Carn ok m=0
If f(x) is continuous & g(x) is disconénuous at x = a then the product function

¢(x) = f(x) - g(x) will not necessarily be discontinuous at x = a.

If f(x) and g(x) both are discontinuous at x = a then the product function ¢(x)
= f(x) - g(x) is not necessarily be discontinuous at x = a.
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If f(x) is continuous & g(x) is discontinuous at x = a then the product function

d(x) = f(x) - g(x) will be necessarily continuous at x = a prov1de§ f(a) = 0)
e\hq: (S‘V"x)@)ai M. — O
M f(x) - Qx ) ()
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QUESTION [JEE Main-2019 (January)] @

for —10 < x < 10, where [t] denotes the greatest integer

Let f(x) =
function. Then the number of points of discontinuity of f is equal to ............... .
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QUESTION [ JEE Main-2019 (January)] ) /S‘“ == /N“ %3_._, | [Ans. B] @

L—0?
Let [t] denote the greatest integer < t and limox [%] =1@ Then the function,
X =
— 2 » » . » » ”
= [x*] sin(mx)\is discontinuous, when x is equal to :
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QUESTION [IIT JEE-2012] ) [Ans. A, B, D]

Let [x] be the greatest integer less than or equals to x.
Then, at which of the following point(s) the function
f(x) =X)cos(mt(x + [x])) is discontinuous?
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sin2x+Asinx+ Bcosx
If f(x) =

= (x # 0) is continuous at x = 0. Find the values of A

and B. Also find £(0).



QUESTION [JEE MAIN 2022 (Jul.-11)] )
I

f for p#q# 0, then function

7
~ Yp(729+x)-3 . . o . MA->)p /
ix] = T TR is continuous at x = 0, then: (113 4 %,,9 % 9
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Note that
A 4

Right hand & Left hand Derivatives:
(i) The right hand derivative of f at x = a denoted by f’'(a™) is defined by :

(, o _ i @@ |

provided the limit exists & is finite.

(ii) Thele f f at x = a denoted by f'(a™) is defined by :

flla™) = lim [ (a—':)h-f DI provided the limit exists and is finite.

-

f'(a) exists if and only ir{LHD = RHD =®
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Discuss the differentiability of f (x) =3)|x| .\ L if M £ O
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QUESTION ) 0 - ¢
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X o
f(x) = |1+et/X e check the differentiability at x = 0.
0 ifx=20
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| QUESTION ) -

forx <0
If the function f(x) defined as f(x) = is continuoys but not
( sin )0rx>0 LHL= O
(lierivable at x = 0 then find the range of n. RHL L,,\Jr @g.
A-=D . ,
Lun: £6) = f(o-h)—Fro) o 5 O3
__.k S )
= 4 (o-—kiL o
S .
RHD -
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If a function y = f(X) is differentiable at x = a, then the graph of y = f(x) will
have a unique non-vertical tangent at x = a.

T B RE




(iii)

Continuity vs Differentiability

If f'(a) exists then f(x) is continuous at x = a.

If f(x) is derivable for every point of its domain of definition, then it is continuous
in that domain.

The Converse of the above result is not true i.e.

"If f' is continuous at x = a, then 'f' is derivable at x =a" is not true.
e.g. he functions f(x) = [x — 2| is continuous at x = 2 but not derivable at x = 2.

If a function f is not differentiable but is continuous at x = a it geometrically
implies a sharp corner or kink at x = a.






Note that

)¢

0 a

(i) Continuous and differentiable (ii) Continuous but not differentiable
¥ O/

0 a

(iii) Neither continuous nor differentiable

» X




Differentiability = Continuity -
e

Discontinuity = Non differentiability

Non differentiability#Discontinuity

Continuity#Differentiability




QUESTION [2024 JAN] )

A
—, 4 X| = 2
If the function f(x) = 1]
ax® + 2b, Lx <Z_)
.

then 48(a + b) is equal to

,cm- e 2 £ @
| @(z)-— -4 NS

«F()L) - O +1b
is differentiable on R
. ) jc(-n) - 207

LAl = RHLS = = Q@) 2b RHD:"Q
SR b ', = Ya+2b fa = -y
{%a + Y 3b b 204 b a ;
, = e
= | ~',+ b- L -
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Differentiability over an Interval

f(x) is said to be differentiable over an open interval if it is differentiable at each &
every point of the interval. (2,5)

f(x) is said to be differentiable over a closed interval |a, b] if: L )

i) for the pointsaand b,f’(a™) & f'(b™) exist finitely. -

ii) Itis differentiable at every point of (a, b)
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QUESTION [JEE Main-2023 (Apr.-1)] ) | @
0 0

Let [x] denote the greatest integer function and
f(x)=max {1+x+[x],2+x,x+2[x]},0<x<2.
Let m be the number of points in [0, 2], where f is not continuous and n be the
number of points in (0, 2), where Fis not differentiable. ‘

Then(m+n)2+215equal<§ I{) O S < |

@ ¢ {(1): e { \+X) %_L)t)%} ﬂ\:ﬁ:: ‘2&.\—2_}
3/ DI Jexea

‘F(X): ™Mo

(© ¢ © 1f 5y ) ) DY =g
@ 11 I man {S*/ v, é} >Y=¢
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e Sin( x+2) A€ 2/

/—\
QUESTION [JEE Main-2022 (June)] ) ) [Ans. "3
Sin(x —@/‘/2 /F(x)-— wi:tg—:i y© } N é/')

/ X € (-2 —1) i —

- X = — (L
Let f(x) = max{2x, @ | oA

otherwise
where [t] denotes greatest integer <t. If m is the number of points where f is not

continuous and n is the number(jgints where f is Mﬁable, then the

ordered pair (m, n) i§" S ) W € =2,-1) ot

’

@ (3,3) UC('*): VL’ | LHL ——Sn)
@ Rl = ‘ J
@)
N O (iacont)

of e :;_0 -
@ X)) @;}iﬁ(}:z Rt - | L(HL:_[
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(1)

(ii)

(iii)

Al Properties of Differentiable Functions

If f(x) & g(x) are derivable at x = a then the functions
f(’i) + g(f), f(x).g(x), f(x)/g(x) (g(a) # 0) will also be derivable at x = a.

If f(x) is not differentiable at x = a & g(x) is differentiable atx = a,
then the functions f(x) + g(x) will not be differentiable at x = a
- b 1 2

If f(x) is not differentiable at x = a & g(x) is differentiable at x = a,
then the product function F(x) = f(x)g(x) can still be differentiable at
X=a =D

e.g. f(x) =|x|and g(x) = x




(iv)
v F(x) = f(x) - g(x) can still be differentiable at x = a
e.g. f(x) = x| &g(x) = [x]

(v)

Properties of Differentiable Functions

If f(x) & g(x) both are not differentiable at x = a then the product function;

If f(x)& g(x) both are non-derivable at x = a then the sum function
F(x) = f(x) + g(x) may be a differentiable functlon

e.g. f(x) = x| & g(x) = —|x|.
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Note that @
A

If f(x) is differentiable & g(x) is non differentiable at x = a then the
product function ¢p(x) = f (x) g(x) will be necessarily differentiable at

x = a provided f(a) = \
Ex <) «f(-x,) = ")L—/K/’ Sinw

1S ob;f,} ot w=w
N E_sz
\/ Fen- %) Cosx

o Ay




QUESTION ) d (P

The function f(x) = (x? — 4)|x% — 3x +J2| + Cos |x|is not differentiable at x = ?

1 <,\~,L/Q, ‘1) \(ztfl) (X-)\)) 4+ (3

® o G2

Qf‘l:' dlﬂ(axj+w

Ok ¥ Y,

i) cot
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QUESTION ) @

Number of points where the function f(x) = (x* — 1)|x* — x — 2| + sin(|x|)
is not differentiable, is
T
_| H—2) (H+))
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QUESTION [JEE Main-2022 (July-1)] ) [Ans. B]

The number of points, where the functionf: R = R,
f(x) = |x — 1| cos|x — 2| sin|x — 1| + (x — 3)|x* — 5x + 4|,
is not differentiable, is:

OR

2

NN

ORONO



QUESTION [JEE Main-2023 (Feb.-1)] ) [Ans. 2]

The number of points, at which the function
f(x) = |2x+ 1| — 3|x + 2| + |x%? + x — 2|, x € R is not differentiable, is

‘ : : — ]
’K:"/L [1:!)
X D
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QUESTION [JEE Main-2022] ) @ ns @

[f [t] denotes the greatest integer < t, then number of points, at which the
function f(x) = 4|2x+ 3| + 9 [x + %] — 12|x + 20] is not differentiable in the open
interval (-20, 20), is




3 i

(i) () = F(x) + £)|={f(x) = kInx)or f(x) = 0

(ii) | f(xy) = f(x) - f(y) =>(fo) =x"n€R
(iii)_f(x +y) = f(x) - f(y)| = f(x) = a*] v~
j f(x) = kx)where k is a constant.




QUESTION ) ;07(7{) ._-;;(;A) 4-(o)

£ (o) = |
[f i tiable function satisfying
f(x+y) =fx)f(y) ¥x,y€Rand f'(0) = 3.
Then find f(x). \/ —
f(‘)():_ Q:)L l
[ 8 , ’
jc(x)—_ o I a ,}(?): —f(\/)-.f(o)
‘F,(O): & Lo ’):,(7)7— FY)-3

2 |/ J J —
= 1 5 r
[OL:QBJ :F(X)-: 3f(x) — D-E .




£ () — &Y Y- FOV
dn
) Qka—: LN
2] = 3% o
AA _
fiﬁ*: 2, d=n e B
2 Eia
= Sy o
S‘k?-»

4 F'V\O( ((
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QUESTION ) ﬁ’g f’% - VC_,(_?.)_ = [f/o):’]

(O):OJ '

Suppose f is a derivabléTunction that satisfies the equation
f(x + y) = f(x) + f(y) + x?y + xy? for all real numbers x and y.

(@@ Jﬁnd \/di/H LIt N KULPW% \/(MM-{;

Xx-0 X

® @0 0P = Forer pf+
[PL=2°
o £°(0) = | L) = ‘a}' fcﬁ‘a '———fQ-q—x?j dx

@ ') 5, F= 4 aL J= Jdnx [adx
o <°]—‘,”“ - w4 X2+L
@ o J Foos 1y o)~ o
UAX: I+ %% = (=0 | ’Y(W):?(____P(




QUESTION [JEE Main-2023 (Jan.)] g =0 f)CV{)r- «%)«f(o) £ ) - a, @

Suppose f : R = (0, o) Jfe a differentiable function such that

@ 6875 s £ (x+Y)= L fy) Sdy _ Kbt
SR By
o 6575 S (x+Y) = ’E(x\’f’(\/) i&zjkdw
OX. qu)-.-_m) kYo kwq e
/ E S
(D) 6528 ST xfyy Ponats
STz kfew) TN K2y s






QUESTION [JEE Main-2022 (June-l)] )

Let f: N = R be a function such thatJ I(x+y) = 2f(x)f(y) for natural numbers
x and y. If f(l) — 2 then the value of o for which

@ Z f(a+k)——(22° 1)

holds, is
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QUESTION [ JEE Main-2023 (Jau::li/) W f?{/"j “:'H [Ans. 3]

Let f: R — R be a differentiable ion that satisfies the relation
(fx+y) =f@ +fy) - JvxyeR 2 J"oﬂ _ [2d~
Iff'(0) = 2, then |f(—2)] is equal to
s . J:' 27+ C

floary) = $ew

M‘:OJ ¥ =

W’ = 10O
36'/(‘(1)’-‘—7%0) L = I%xb+C
FH= 2 Y= 2XLC—U
7 — x & o
fexe 2 T - 2y,
d)éxt 5 Jeu - “Y4)=-3



Let f: R = R satisfy the equation f(x+vy) =f(x)-f(y) for all x,y € R and
f(x) # 0 for any x € R. If the function f is differentiable at x = 0 and f'(0) = 3,

then limy_,, % (f(h) — 1) isequal to

()




f (x) f'(x)

(i) @'é nx"-1
(ii) e’ , e*
(iii) aXlna,a > 0

(iv) In x 1/x

(V) log,x (1/x)log,e,a>0,a#1
(vi) sin x COS X

(vii) COS X —sin x
(viii) tan x sec” x

(ix) sec X secx tanx

(x) cosec X —CosecXx - cotx

(xi) cotx —cosec? x
(xii) constant 0

_O_L_ (S\r:\w =
on \['__.)L‘L
2(- @'X = ’
dn —— 9
| —
d —|
R ED =




4.

. Logarithmic Differentiation v
. Parametric Differentiation .~

. Differentiation of Implicit Function e

Differentiation Using Substitution v




QUESTION [JEE Main-2023] ) Y ( @“:&;; )),;-2_7'

If y(x) =(x)x > 0, then y”'(2) - 2y’(2) is equal to

v
@ 4(log2)?-2  rg= wlem
8log.2 -2

@ 4(log.2)? + 2
@ 4 log.2 + 2
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QUESTION [JEE Main-2023] (1 b2+3]_ 2
If 2xY + 3y* = 20, ther{— at (2, Zjls equal to C( 242 Li)
L A
3+ log,.16 21+
® (L=l e vae

4 + log,8

{ WYt
‘ (;:igge) [H/ﬂ’ YL“J—FBQ C’@"7+w aj
© il g f”/’“ o) 2o (g s 42 g
® (o) /‘QHY\M[W(’%?HJ_O

THaY a2 4 3824y,



Parametric Differentiation

Suppose y and x are two functions_of 6 such that y — f(B) and X = g(B)
dy /dy/de6

dx \.dx/de’

where "0" is a parameter, then —
a = 9 S'V\‘L Q- ’ Y — 3 w& ?)&

A _ .
‘a/ale = M (e d_’i —— 353y

do




QUESTION [JEE Main 2023] ) [Ans.

Iff(x) =x*+g'(1)x+g"(2) and g(x) = f(1)x* + xf'(x) + f" (%),
the value of f(4) — g(4) is equal to

()




QUESTION [JEE Main 2023 (Jan.l)] )

ff(x) =x>—x%f'"(1)+xf"(2)—f""(3),x € R, then

e

3f(1) + £(2) = f(3)
£(3) — f(2) = f(1)

2£(0) — f(1) + £(3) = £(2)

OLOL0

f(1) + f(2) + £(3) = £(0)






QUESTION [JEE Main 2020] )

V1+x2-1

X

2xV1—x2

1-2x2
IS: w=Tom0 = tan=-6 aba |
@ 2V3 1= Tow S«e-) An C
3

0w 6

— '
- | - S | = L’/'/
Tox' ((1—care H—») 2 g 2
s M) ~

D 2 e N : Z/
KSn 8/, . Z= Tﬂﬂ](%ﬁmJ:j;f:) [:T:;J ---------
. M= )

3 f - 2
)[: ‘i5%47103ﬁyi § - 'tﬁi C;f;hg:wv

B Ll e, —Ped) _ Tal ta2
@ ﬁ }': gj\x 1)~ &/7\5 @Q’é) = }5
12 E

Gy
QY
-
2

[Ans. C]

The derivative of tan™* ( ) with respect to tan™?! ( ) atx =







QUESTION [JEE Main] ) 0%1 = G%)
quals Adf wrt )
d e

1 =4
@ (g) LJ& (% N J‘% ( %}L) 2
dzy —k dy -3 O-{E:; - =} G,Y)'L 4 {y A
-(a%) (&) g Y @) @

@) CNE o
@ dx? ) \ dx ;{;__ ) dx{ 3 % -
® (&) )




-4 [Ans. 16]

!
) ZOatx—llsequalto ' “ /(m}.‘.
a " %%7—- e E (1"/\ .‘,'Z.M

")

j’“a{: ol %= lv ‘j; :";\ = ez
A ‘3’: "’ L+ ‘D«Lf\w b
& . d?}__ | -4 2
J// - owg 2w A Jdy* ——( Zm) O(‘f;(.L
1’3 "
RS fi) 7
- :@-tzwa, (‘f)._—(f




#Q). lf(g IS inverse ofﬂand‘;’ (X) = 1+x1202/4) then show that[é'(x))aquals

2024
1L+ [g(X)]J %o 800 —

v Jcl(am): Aff wrt
£(§60) gem- )




x)= 27+ | 7D N
QUESTION ) /'F IR ﬂ»ﬂ_”__ o @

The function‘ f(x) = e* + x,|being differentiable and one to one,
has a differentiable inverse f ~*(x). The value of(;j—x (f“l) at the pointf (£n2) is

;-—-—-"J

@ fn2 ' ,)C"—> 8,
Condndlsh. ' (F(har)) = *




) 5 N
QUESTION @ [Ans. A}

1—X 3

2 3
If the function f(x) = —4e= + 1+ x+—+ —and

(Tg(x) = f‘l(xj then the value of g’ (—%) equals:
gy 1
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QUESTION [JEE Main 2024 (Jan.n1)] )

Let a and b be real constants such that the function f defined by

6 =4l

b—_,sj

/x)= X+ R x>1
Then, the value of f_zz f(x) dx equals

|+%+ & = b+

x=1 be differentiable on R.

J (vt+51+3) A + f(S‘Hl)o(n

=




QUESTION [JEE Main 2024 (Jan.11)] )

Consider the function f: (0, ) = R defined by f(x) = e~!1°8¢ Xl [f m and n be
respectively the number of points at which f is not continuous and f is not

differentiable, then m + nis
(m = Oj K @ @




7 N
QUESTION [JEE Main 2024 (Feb. 1) ] @
i

and n denote the number of points where

Le(@: 12x% + 5|x| - 3DX ER Ifm

fis not continuous and not differentiable respectively, then m + n is equal to :

S

* 1
‘X:h\'

MY




R

QUESTION [ JEE Main 2024 (Jan.1)] ) @

Let f(x) = x® + x @+ x“x € R. Then f'(10) is equal to
&

j((*)* x>+ o+ bat ¢

G(n)— 29 4 2an+ b) D Puk 2= %b*”—@*b O/]

\/ j(\n(-,&) - G'X‘t 20 — PVJ > = 2 [\‘QT’LO&’ ‘eo) (?k'*‘b ~'g
WC (%)= ¢ Pt winy Fay- P '2';29& —%_q
A = — -

fadiat 2 TR S B
-~ _ S+ b=-3

f“”: S xpg | e -E)
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QUESTION [JEE Main 2024 (Jan. I 2 * o
[ (Jan.1)] ) . A (Ry)

L%
Consider the function f : (0, 2)J—> R defined by f(x) = % + %)and the function g(x) _ ,

>
'fh‘) min{f(t)}, [(l< t < %nd Dex<] @ @ & 0

defined by g(x) = §+ = P . Then, @ )
i~ (0,2)
@ g is not continuous for all x € (0, 2) jC (®) s
g is continuous and differentiable for all x € (0, 2) 8(1) = | Qi enE
g is continuous but not differentiable at x = 1 - 3/1** ) | exea

v

@ g is neither continuous nor differentiable at x =1






QUESTION [JEE Main 2024 (Jan.1)] )
@ E < (D RH L

Let g(x) be alinear functionand f(x) =4 /1,4 = , is continuous at x = 0.
- J (—)x x>0 - )

2+K _ )
1(/“(1) = f(—l)l then the valuis [b=0]—
1 4 ’f (=13 5
@ ;lOge (‘9‘) +1







QUESTION [JEE Main 2024 (Feb.11)] ) - %i:—;; ':': 7; ;f

ity = ("xwﬂ—@- ] (3 cos? x — 5) cos? x, then 96y’ ( ) is equal to:

% = J l CO& — !
/ j pd Cor
2 a P4 /
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